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We propose to find a new estimate of the characteristic constant of 
Liapunov [l 1. for the system mentioned in the title when the functions 
on the secondary diagonal of the coefficient matrix are of definite and 

the same sign. 

1. Let the equations of the first approximation of the perturbed 

motion of a dynamical system be given in the form 

dxl 
a11 (4 Xl + a12 (t) 22, 

dxa -= 
dt 

-= 
dt a21 (4 Xl -I- %a (t) 22 (1) 

where oij(‘) (i, j = 1, 2) are real, integrable, sectionally continuous 
periodic functions of period o. We introduce the notation 

0 0 

s all(t) dt = a, 5 +a (t) dt = B 
0 0 

and, without affecting the generality, we assume that a > 8. If a+6 > 0. 
the unperturbed motion of the dynamical system for which the equation of 
the first approximation of the perturbed motion has the form (l), is 

stable by a well-known formula of Liapunov. In the sequel we shall assume 
that a + fl < 0. which, in view of the fact that a - p > 0, can be written 
in the form 

B.Sa<--B @ d 01 (3 

Making the change of variables 

t t 

XI = x exy s a11 (h) dll, x.2 = y exp B 
+n (h) f “-, I dtl 

0 
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we transform the system (1) to the form 

where 

The characteristic equation for the system (3) has the form 

64 =$spX(o) X (0) = 111 t 

where X(t) is the matrix of the system (3). The characteristic constant 
A, in the sense of Liapunov [ 1 I, can be represented by a converging 
power series 

A = Ro + Al + A2 3-a.. 

The formulas for the coefficients An were derived* in [ 2 1 . 

where 

A, = f (1 + e@“), Al = $ ( eat1 [I), (CO) -- (1 - ewao) (~1 q, df, 

i! 
w 11 k-1 

Aa=+ 
f 5 dt, * dt, . . . 1 Pi1 (& - 4~~) . . . 

0 0 0 

. ..e “*n-1 O&_, - cj,,) eat, I$ (0) .- $I+ +,,e-““I (I1 . . . q,,dq, 

(5) 

By means of an orthogonal transformation with periodic coefficients 
(see [ 3 I) one can reduce the system (1) to a form In which the functions 

aI2 and a21 ( and hence the functions r and q) are of a definite sign. 

In f4 I, the functions r and p were assumed to be of definite but 
opposite signs. 

2. From here on we shall always assume that r and q are of definite 
sign on [ 0, w 1 (furthermore, r( t)q( t) f 0 for 0 < t C w, because other- 
wise the system (3) can be integrated over intervals). 

. In [ 2 1 the constant A stood for SP XC o)/(l + eWa 9. 
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In this case it follows from (51 that A,, > 0 (V = 1, 2, . ..) and the 
series (4) is positive-definite. 

In [ 2 I it was shown that if a + @ GO. the unperturbed motion of the 
dynamical systemk for which the equation of the first approximation has 

the form (l), is unstable if IAl > (esQ + eSl/2. Since A > A here, it 
is sufficient to require for instability that A, > (ema + c s” )/2, which 

in view of the first formula of (5) can be written in the form 

(I- e-“) (I- eQ) > 0 

Recalling (2) we conclude that if a > 0 then the last inequality is 
satisfied. Hence, we have proved the following theorem. 

Theorem. Suppose that in the equations of the first approximation of 

the perturbed motion (1) the functions al2 and a21 are of definite sign 
(i.e. retaining the same sign, they may become zero but in such a way 

that their product does not vanish identically on (0, 01 and is of one 

sign). If, furthermore, the mean value of one of the functions all or ax2 
is non-negative, then the unperturbed motion is unstable. 

Consequence. If in the equation 

3 + 8 (t) L? + p (t) x = 0, (s (t + 0) = s (99 P (t + 0) = P (G) (‘3) 

the periodic coefficient p(t) is non-positive for all values of 
t(0 4 t Q 0). then the trivial solution of Equation (6) is unstable 
irrespective of the behavior of the second periodic coefficient s(t). 

For the proof it is sufficient to write Equation (6) in the form of 

the system 

dti - 
& = - p (t) 2 - s (t) 33 

and to apply the established theorem. 

3. The case that remains to be considered is the one when @ < Q < 0. 
In this case the undisturbed motion will be stable if 

A < f (e-” + eP) 

and it will be unstable if the inequality sign is reversed [ 2 I. 

(7) 

In [ 2 ] there were proved certain inequalities which can be written 

for the terms of the series (4) in the following way: 

4 A* 
A 

n-1 
<+. - A 

< ea-s_g 
(n > 2) 

n-1 

4. Because of the first of the inequalities (6) with n = 2, 3, . . . , 
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we have that 

As < AS, 

Hence, we find that 

Under the condftion that 

1 
Ye 

P-a+" 2.4,<' 
213 A 2 (eea + 8) nm & < + In (eva + ep - eP-“) 

the inequality (‘8: will hold, and, hence, the 
stable. * 

5. Let us now apply to the above estimates 

(8) 

A2 < $ ea+A12, As < -lL \t eavFAIA2 < f e2for--PfA1~, 

We thus obtain 

= 1 

unperturbed motion will be 

the second inequality of 

n-2 

where I,(z) is a Bessel function of an imaginary argument. 

i.e. 

+ (1 -c+‘) + .&+1, (2 ye”+& < + (e-” + 2) 

If 

fW 

then the unperturbed motion is stable. ** The inequality (10) is prefer- 

able over (9) when a = B < In 4. 

. In the last formula on p. 136 of [Z 1 the denominator of the loga- 

rithmic term should be dropped. 

** In Equation (11.5) of [2 1 the right-hand side should be written in 
the form 

f (1 + ea + e--p - .a-@) 

and the in,dex of the exponent of the 1.eft-hand side in the form a - @. 
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If we begin the estimates of the terms of the series (4) with A,, we 
find that if either one of the following inequalities 

A2 d 

1 

eZA1 - 1 - 2Ar 
[ (eAa - 1) (1 - eP) - 2Ar] AI2 

or 

(11) 

(12) 

holds then the undisturbed motion is stable. 

6. In [4 I there was proved an inequality which for the terms of the 
series (41 can be written in the form 

A n+1 n A* 
A, <---- n + 1 A,_, (n > 1) 

If we set n = 1. 2. 3 we obtain, respectively 

1 

Al\<Ao' -42 AI As x2 d 3 2 A; A2 ’ -&< 4 -- 4 3 A2’ -43 ..a 

Making use of the products of the last inequalities, we obtain the 
result for the sum of the series (4): 

1 Al2 
AdAo+Ai+y~,+~ Ao i L!&++q +***= 

+++A,+$$+~ 
0 

$Ao++A,++‘b++A,+...] 04) 

The sum of the series within the brackets is less than A/3, and hence 

we have 

A(l+)< Ao+ $A, ++$f 

If A1 > 3 AO, then the last inequality is obviously valid. If, however, 

Al < 3 A,, , then 

A < 6A02 + 4AlAo + Al2 
6Ao- 2A1 

and under the condition 

6A02 + 4AlAo + Al2 
3A, - Al 

< em-(’ + ep 

the unperturbed motion is stable. 

(15) 

Let us now select from the right-hand side of the inequality (14) all 

terms up to and including A2 
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We thus obtain 

(16) 

which, obviously, will be true if Al > 4 A,,. If A, < 4A0, then, under the 

condition that 

12‘¶,2 + 9&l, + 3AiZ + A& 
4Ao - Ai .++f eb) 

the unperturbed motion is stable. 

7. In regard to the sufficient conditions for instability, it can be 
said that they can be found more simply. Indeed, A > A, + Al and, there- 

fore, if A0 + A, > cat e 6 )/2 we have also that A > ( eea+ e 6 )/2. 
Hence, if the inequality 

AI > $ (e-” -1) (I- eP) (17) 

is valid, then the unperturbed motion is unstable. 

Starting with the inequality A > A,, + A, + AZ, we find that if 

A, > -$- (e-” - 1) (1 - eP) - A1 (W 

then the unperturbed motion is unstable. 

It is now obvious how one can obtain other sufficient conditions for 
stability or instability by the indicated method. 
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