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We propose to find a new estimate of the characteristic constant of
Liapunov [ 1]. for the system mentioned in the title when the functions
on the secondary diagonal of the coefficient matrix are of definite and
the same sign.

1. Let the equations of the first approximation of the perturbed
motion of a dynamical system be given in the form

z dz.
'dt_l = ay () 21 + ax2 (2) 22, T: = agy (¢) 21 - ag () 2 (1)

where a;.(t) (i, j =1, 2) are real, integrable, sectionally continuous
periodic functions of period w We introduce the notation

? [}
Sau (t)dt =a, Sazz (t)dt =B
0 0

and, without affecting the generality, we assume that a > 8. If a+f8> 0,
the unperturbed motion of the dynamical system for which the equation of
the first approximation of the perturbed motion has the form (1), is
stable by a well-known formula of Liapunov. In the sequel we shall assume
that @ + 8 < 0, which, in view of the fact that a — 8> 0, can be written
in the form

B<a<—8 B<0) (2)
Making the change of variables
t t 3
Ty = x exp S an (4)dty, T2 = Yy €Xp S [aﬂ () + a—;—-] dty
0 0
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we transform the system (1) to the form

dx d
= =0y, %=9(t)x-~dy (az 20) 3
where

r () = az (1) exp \ [age (t3) — ani (4, + 2] dty

q (1) = ag (t) exp \ [an (ty) — age (£1) — 2] dity

Tl ™ e

The characteristic equation for the system (3) has the form
—24p + 670 =0 (4=Ltopx@  X©O=1),

where X(t) is the matrix of the system (3). The characteristic constant
A, in the sense of Liapunov [1], can be represented by a converging
power series

A=Ag+ Ay + Ay +. .. (4)

The formulas for the coefficients 4, were derived* in[21].

(7]
A=20+f, 4= %Q AU (0) - (1 — e7) 4] gy dty
]

u 4 L

An:»%&dhgd%.A. S A — o). .. (5)
0

0 v
atp_y " . at, —aw
€ (.n-..l'_"‘."n)e H’ (w)_¢1+q}nc Iql"'qndtn

where

i
4;(;):53—6'»(:,) Ay, G=00), g =g
i

By means of an orthogonal transformation with periodic coefficients
(see [3 ]) one can reduce the system (1) to a form in which the functions
a;, and ay; (and hence the functions r and ¢) are of a definite sign.

In [4 ], the functions r and q were assumed to be of definite but
opposite signs,

2. From here on we shall always assume that r and ¢ are of definite
sign on [0, w] (furthermore, r(t)g(¢t) # 0 for 0 < t < w, becanse other-
wise the system (3) can be integrated over intervals),

* In[2] the constant A stood for sp X(w)/(1 + e~ %9,
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In this case it follows from (5) that Av >0 (v=1 2, ...) and the
series (4) is positive-definite.

In[2] it was shown that if @ + 8 <0, the unperturbed motion of the
dynamical systemk for which the equation of the first approximation has
the form (1), is unstable if |A|> (e™ % + eP)/2. since A > A, here, it
is sufficient to require for instability that Ay > (e™ %+ eﬁp)/Z, which
in view of the first formula of (5) can be written in the form

t—e ) (1—ef)>0

Recalling (2) we conclude that if a > 0 then the last inequality is
satisfied. Hence, we have proved the following theorem.

Theorem. Suppose that in the equations of the first approximation of
the perturbed motion (1) the functions aj, and ay are of definite sign
(i.e. retaining the same sign, they may become zero but in such a way
that their product does not vanish identically on (0, w) and is of one
sign). If, furthermore, the mean value of one of the functions a;; OTr agy
is non-negative, then the unperturbed motion is unstable.

Consequence. If in the equation
t+s)i+p)e=0, (sE+o)=s(), plt+o)=p@) (6)

the periodic coefficient p(t) is non-positive for all values of
t(0< t < @), then the trivial solution of Equation (6) is unstable
irrespective of the behavior of the second periodic coefficient s(t).

For the proof it is sufficient to write Equation (6) in the form of
the system

dx da .

and to apply the established theorem.

3. The case that remains to be considered is the one when 8<a < 0.
In this case the undisturbed motion will be stable if
A< 5 (€ + ef) 0
and it will be unstable if the inequality sign is reversed [ 27.

In [2 ] there were proved certain inequalities which can be written
for the terms of the series (4) in the following way:

Ay Ay Ay A
ki o—pB L1
A <2 n?' A <e n2

n—1 n—1

(n>=2) &

4. Because of the first of the inequalities (8) with n = 2, 3,
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we have that

n—1

R Alﬂ

2 2
Ay < 442, A3<—3‘A1As<§x419.--~.f1n< 7l

Hence, we find that

2

o]
o
A<yt At 3 oAl =L L
n=g N
Under the condition that

-;— P -—;- 24 —; (6% + ¢f) mmm A4, <—;— In (6% + &P — P9

the inequality (v, will hold, and, hence, the unperturbed motion will be
stable.*

5. Let us now apply to the above estimates the second inequality of
(8)

1
A< A A< e TP < POTRAY, L 4, < g
We thus obtain
<«
1 P
A< Ao+ Ay + D) e eV EPA 5 (L — P P21 @Y P Ay

ne=2

where Io(’) is a Bessel function of an imaginary argument. If
U —ef ) peftr, @V e Pay <L e 4 ofy
LRV EPa) <+ U+ 4 o F — B (10)

then the unperturbed motion is stable, ** The inequality (10) is prefer-
able over (9) whena = 8 < 1n 4.

* 1In the last formula on p. 136 of [2 ] the denominator of the loga-
rithmic term should be dropped.

*+ In Equation (11.3) of [21 tne right-hand side should be written in
the form

(et e P — o

and the index of the exponent of the left-hand side in the form a — f3.
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If we begin the estimates of the terms of the series (4) with A3, we
find that if either one of the following inequalities

1

A B —
SN P N

[(e™*—1) (1 —eP) — 24,] 42 (11)
or
[e™® — 1) (1 —ePy —24,] 2P 4,2

A< o)
8112V e Ba) — 1 — P4y

(12)

holds then the undisturbed motion is stable.

6. In [4 ] there was proved an inequality which for the terms of the
series (4) can be written in the form

An+1 n An
A4, Snyid,

n

=1 (13)
—1

If we set n= 1, 2, 3 we obtain, respectively

Ag 1. A1 A3 2 Az A4 3 A3

ST A S3 40 4,57 4y

Making use of the products of the last inequalities, we obtain the
result for the sum of the series (4):

1 A2 1 44 1 4,4
S+ 4+ f; T ; % ; 4.

14 A
—4riar g Al tartattat.]

The sum of the series within the brackets is less than A/3, and hence
we have
1 42

B A,

1 4,
f4< 3 fl)‘< Ao+ = A1'+

If 4, > 3 Ay, then the last inequality is obviously valid. If, however,
Al < 3A0, then

6402 4 4414, 4+ Ar?
6A9g— 24y

A<
and under the condition

Ag? 4 44,4 A2
6 Oggri;f LCe @46 (15)

the unperturbed motion is stable.

Let us now select from the right-hand side of the inequality (14) all
terms up to and including A2
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1 4, 1 A4, A 1
&%—&+ 0+D*E-+A[ %+Z&‘_&+ Az + ]
We thus obtain
i Ay 1 Al _1_A1A2
A(i-— i ——)<Ao+ — A + = % Ay 12_A_0~‘ (16)

which, obviously, will be true if Al > 4A0. If Al < 4A0, then, under the
condition that

12442 + 9A4;4, + 34;2 + 414,
4Ao — 141

the unperturbed motion is stable.

3
<?(e~a—}— eﬁ)

7. In regard to the sufficient conditions for instability, it can be
said that they can be found more simply. Indeed, A > Ay + A, and, there-
fore, if Ay + A; > e %y e'B)/Z we have also that A > (¢ ¢ eB)/Z.
Hence, if the inequality

Ay > 5 (e —1) (1 —e) (17)
is valid, then the unperturbed motion is unstable.

Starting with the inequality 4 > Ao + Al + AZ' we find that if

A5 (=D — ) — 4 (18)
then the unperturbed motion is unstable,

It is now obvious how one can obtain other sufficient conditions for
stability or instability by the indicated method.
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